
 IJTPC, Vol.  10, December 2015.   

www.IJTPC.org   

 

P
a

g
e
1

 

 

 

 

Solutions of the Schrodinger Equation with Inversely 

Quadratic Yukawa plus attractive radial Potential using 

Nikiforov-Uvarov method 
 

B. I. Ita
1
*, A. I. Ikeuba

1
 , L.M. Hitler

1
 and P. Tchoua

2
 

1
Physical/Theoretical Chemistry Unit, Department of Pure and Applied Chemistry, University of 

Calabar, Calabar, CRS, Nigeria  
2
 Department of Mathematics, Ngaoundere University, Cameroon 

* iseromngwuita@unical.edu.ng 

 

Abstract 

In this paper, we have solved the Schrodinger equation with a new superposed potential (IQYARP) made of inversely quadratic 

Yukawa potential and attractive radial potential using the parametric Nikiforov-Uvarov (NU) method. The solutions of the 

Schrodinger equation enabled us to obtainbound state energy eigenvalues and their corresponding un-normalized eigen 

functions in terms of Jacobi polynomials. Also, a special case of the potential has been considered and its energy eigen values 

obtained. Our calculation reveals bound state energy eigenvalues which can be applied to molecules moving under the 

influence of IQYARP potential. 
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1 INTRODUCTION 

 In non-relativistic quantum mechanics, one of the 

interesting problems is to obtain exact solutions of the 

Schrodinger equation. Since the experimental observation 

of the Schrodinger equation, scientists have exhibited 

much interest in providing analytic solutions to the 

equation in many fields of Physics and Chemistry for 

different real potential energy functions [1-12]. The 

attractive radial potential (ARP) has also been used by 

many authors in quantum mechanical problems [13 – 

14].The inversely quadratic Yukawa potential was first 

studied in 2012 by Hamzavi et al [15] when they obtained 

approximate spin and pseudospin solutions to the Dirac 

equation with the potential including a tensor interaction. 

Since, then several papers on the potential have appeared 

in the literature [16-18].However, not much has been 

done in studying the superposed IQYARP in the literature, 

hence our interest. 

The main problem is to solve the Schrodinger equation 

with superposed potential (IQYARP) using the parametric 

Nikiforov-Uvarov analytical technique. The solutions of this 

equation will definitely give us a clearer understanding of 

the properties of molecules moving under the influence of 

the superposed potential which is the goal of this paper. 

The parametric NU method is very simple and does not 

demand the truncation of a series like the series solution 

method which is more difficult to use. The paper is 

organized as follows: After a brief introduction in section 

1, the NU method is reviewed in sec@on 2. In sec@on 3, we 

solve the radial Schrodinger equation using the parametric 

NU method. Finally, we discuss our results in sec@on 4 and 

a brief conclusion is then advanced in sec@on 5 before 

references.  

The scientific contributions of the paper include giving an 

insight into possible wave functions as well as energy 

eigenvalues of molecules moving under the influence of 
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IQYARP potential. Secondly baseline eigenvalues data are 

provided for comparison with data that would be obtained 

from other methods. 

 

2.  NIKIFOROV-UVAROV METHOD 
The Nikiforov-Uvarov (NU) method is based on the 

solutions of a generalized second-order linear differential 

equation with special orthogonal func@ons [19]. It is 

applied to Schrodinger equation and Schrodinger-like 

equations of the type as: ψ���r� � �E 	 V�r��ψ�r� � 0  (1)  

 The solu@ons to equa@on (1) can be done by transforming 

it into an equation of hypergeometric type with 

appropriate coordinate transformation s � s�r� to get ψ���s� � ��������� ψ��s� � ���������� ψ�s� � 0,         (2) 

To solve equa@on (2) we can use the parametric NU 

method. The parametric generalization of the NU method 

is expressed by the generalized hypergeometric type 

equa@on [19] ψ���s� � ���������������� ψ��s� � ����������� �	��s� � ��s 	���ψ�s� � 0,   (3)                                                               

whereσ�s� and σ��s� are polynomials atmost second 

degree, and τ��s� is a first degree polynomial. The eigen 

func@ons (equa@on 4) and corresponding eigenvalues 

(equa@on 5) to the equa@on (3) become 

ψ�s� � N s����1 	 c�s������#��#� P %��&��,#��#� ���&��(�1 	2c�s�,   (4) �c� 	 c��n � c�n� 	 �2n � 1�c+ � �2n � 1�,-c. �c�-c/0 � c1 � 2c�c/ � 2-c/c. � 0,   (5)                                        

Where c2 � �� �1 	 c��, c+ � �� �c� 	 2c��, c3 � c+� � ��, c1 �2c2c+ 	 ��, c/ � c2� � ��, c. � c�c1 � c��c/ � c3,  c�4 � c� � 2c2 � 2-c/, c�� � c� 	 2c+ � 2,-c. � c�-c/0 

,c�� � c2 � -c/, c�� � c+ 	 ,-c. � c�-c/0,    

       (6)                                                          N is the normalization constant and P �5,6�
are the Jacobi 

polynomials. 

 

3. SOLUTIONS OF THE RADIAL Schrodinger 

EQUATION 
 

 The radial Schrodinger equation is given as [16] 7�89:�;�7;� � �µћ� >E 	 V�r� 	 ?ћ��µ;�@ R B�r�,   

     (7) 

Where λ � l�l � 1� and V�r� is the potential energy 

function. The inversely quadratic Yukawa potential (IQYP) 

is given as [15] V�r� � 	 E&FG�HI;� ,     

     (8) 

The attractive radial poten@al (ARP) is given as [13] V�r� � E�FGJHIKE�FG�HIKE����FG�HI�� ,    

     (9) 

Where V� � 5�2 , V� � ��L�/�5��2 , V� � ��2�L�5��2 , α and A are 

real parameters and α O 1/2,4 R S R 8 [13] 

andV4 is the depth of the inversely quadratic Yukawa 

potential. 

Making the transformation s � e��5;equations (8) and (9) 

give the superposition of the two potentials as  V�s, r� � �E���KE��KE�������� 	 E&�;�     

     (10) 

Figure 1 is the plot of the potential IQYARP with its 

approxima@on. The figure 1 reveals that our 

approximation is accurate. 

 

 

 

 

Figure 1: Plot of the IQYARP poten@al with its 

approximation 

 

Again, applying the transformation s � e��5; to get the 

form that NU method is applicable, equa@on (7) gives a 

generalized hypergeometric-type equation as 7�8���7�� � ����������� 78���7� � ��������� �	β�s� � �2β� � A�s 	�β� 	 B��R�s� � 0,   (11) 
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λ � 0, 	β� � µX�5�ћ� , A � µE��5�ћ� , B � µE��5�ћ� , C � �µE&ћ� , D �µE��5�ћ� , �;� [ 25���KFG�HI�� [ 25������� ,                            (12) 

    

Comparing equa@on (11) with equa@on (3) yields the 

following parameters c� � c� � c� � 1, c2 � 0, c+ � 	 �� , c3 � �2 � β� � A, c1 �	2β� 	 C � B, c/ � β� � D, c. � �2 � A � B 	 C �D, c�4 � 1 � 2-β� � D, c�� �2 � 2 \]�2 � A � B 	 C � D � -β� � D^ , c�� �
-β� � D, c�� � 	 �� 	 \]�2 � A � B � -β� � D^ , �� �β� � A, �� � 2β� � C 	 B, �� � β� � D,   

      

     (13) 

Now using equa@ons (5), (12) and (13) we obtain the 

energy eigen spectrum of the IQYARP as 

β� � _`�a��b�% �K K��(��� K��]�JKLKa�`Kb
�� K��K�]�JKLKa�`Kb c� 	 D, 

     (14) 

Equa@on (14) can be solved explicitly and the energy eigen 

spectrum of IQYARP becomes 

 E �
	 �5�ћ�µ d_�µe&ћ� � µe��H�ћ�� µe�H�ћ��% �K K��(��� K��]�JK µe��H�ћ�K µe��H�ћ�K µe��H�ћ���µe&ћ�

�� K��K� ]�JK µe��H�ћ�K µe��H�ћ�K µe��H�ћ���µe&ћ� c�g �
V�,  (15) 

We now calculate the radial wave function of the IQYARP 

as follows 

The weight function ρ�s� is given as [23] 

ρ�s� � s��&���1 	 c�s�#��#� ���&��
,   

     (16) 

Using equa@on (17) we get the weight function as ρ�s� � si�1 	 s�j,     

     (17) 

Where ω � 2-β� � D and l � 2 � 2]�2 � A � B 	 C � D 

Also we obtain the wave function χ�s� as [23] 

χ�s� � P ��&��,#��#� ���&���1 	 2c�s�,   

     (18) 

Using equa@on (18) we get the function χ(s) as χ�s� � P �i,j��1 	 2s�,    

     

 (19) 

Where P �i,j�
 are Jacobi polynomials 

Lastly, 

φ�s� � s����1 	 c�s������#��#� ,   

     

 (20) 

And using equation (20) we get φ�s� � si �o �1 	 s�jK� �o ,    

     (21) 

We then obtain the radial wave function from the 

equa@on [23] R �s� � N φ�s�χ �s�,    

     

 (22) 

As R �s� � N si �o �1 	 s�jK� �o P �i,j��1 	 2s�,  

     (23) 

Where n is a positive integer and N  is the normalization 

constant. 

4. DISCUSSION 
We have solved the radial Schrodinger equation and 

obtained the energy eigen values for the inversely 

quadratic Yukawa plus attractive radial potential (IQYARP) 

in equa@on (15). If V� � V� � V� � 0 in equa@on (10), the 

potential turns back into the inversely quadraticYukawa 

poten@al and equa@on (15) yields the energy eigen values 

of the inversely quadratic Yukawa potential for S-waves as 

 

E � 	 �5�ћ�µ d_�µe&ћ� �% �K K��(��� K��]�J��µe&ћ�
�� K��K� ]�J��µe&ћ� c�g,  

     (24) 

 

Table 1: The energy eigenvalues for the IQYARP poten8al 

obtained from equa8on (15) 

 

n E 

1 -1.4179 

2 -1.94302 

3 -3.79506 

4 -8.16334 

5 -16.9872 

6 -32.956 

7 -59.5091 

 

The energy eigenvalues reveal a bound state situation as 

they are all negative. This observation is very important as 

our calculation could be applied to molecules moving 

under the IQYARP potential influence. The energy 

eigenvalues also increase in magnitude as the principal 

quantum number n increaseswhich is also plausible.The 

work has therefore provided the only baseline data 

available on Schrodinger equation with IQYARP using 
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parametric NU method. Data on this type of problems 

obtained from other methods could be compared with our 

results. 

 

5 CONCLUSION 

We have obtained the energy eigen values and the 

corresponding un-normalized wave function using the 

parametric NU method for the Schrodinger equation with 

IQYARP. A special case of the potential has also been 

considered. The numerical values of the energy 

eigenvalues reveal a bound state situation.Data from other 

methods obtained for our system could be compared with 

our baseline data. 
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